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DOA estimation algorithms

• Conventional algorithms
• Multiple Signal Classification (MUSIC) [1]

• Estimation of Signal Parameters via Rotational Invariance Techniques (ESPRIT) [2]

• Increase degrees of freedom (DOFs)

• Khatri-Rao subspace (KR) [3]

• Coprime array (CPA) [4], [5]
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Fig. 1. Configuration of CPA

Co-prime Array (CPA)

• Array configuration
• Subarray 1 is composed of  2𝑁1 sensors at spacing 𝑁2𝑑.

• Subarray 2 is composed of  𝑁2 sensors at spacing 𝑁1𝑑.

• Total 2𝑁1 +𝑁2 − 1 sensors in the CPA.



DOF of Co-prime Array

• DOFs are increased to 
• 3𝑁1𝑁2 +𝑁1 −𝑁2 unique virtual sensors

• 𝑁1𝑁2 +𝑁1 − 1 consecutive virtual sensors



Joint ESPRIT (1/2) [6]

• Above mentioned DOA estimation algorithms require known CF. 

• A Joint ESPRIT (JE) was proposed to estimate both DOA and CF. 

• Consider there are two 𝐿 snapshots of the measurements ҧ𝑥 and ҧ𝑧 along the 𝑥
and 𝑧 axis, which are divided into two sub-vectors, respectively.

ҧ𝑥1 = ҧ𝑥 1: 𝐿 − 1 , ҧ𝑥2 = ҧ𝑥[2: 𝐿]

ҧ𝑧1 = ҧ𝑧 1: 𝐿 − 1 , ҧ𝑧2 = ҧ𝑧[2: 𝐿]

• Estimate four covariance matrices

നR1 = σℓ=1
𝐿−1 ҧ𝑥1[ℓ] ҧ𝑧1

†[ℓ], നR2 = σℓ=1
𝐿−1 ҧ𝑥2[ℓ] ҧ𝑧1

†[ℓ]

നR3 = σℓ=1
𝐿−1 ҧ𝑥2[ℓ] ҧ𝑧1

†[ℓ], നR4 = σℓ=1
𝐿−1 ҧ𝑥2[ℓ] ҧ𝑧2

†[ℓ]
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Joint ESPRIT (2/2) [6]

• Apply SVD on ധ𝑅 = നR1
𝑇 നR2

𝑇 നR3
𝑇 നR4

𝑇 𝑇
= ന𝑈 ധΣ ധ𝑉† and construct

ന𝑈𝑠1 = ന𝑈 1:𝑁 − 1, 1:𝑀 , ന𝑈𝑠2 = ന𝑈 𝑁: 2𝑁 − 2, 1:𝑀

ന𝑈𝑠3 = ന𝑈 2𝑁 − 1:3𝑁 − 3, 1:𝑀 , ന𝑈𝑠4 = ന𝑈 3𝑁 − 2:4𝑁 − 4, 1:𝑀

• Compute
ന𝑈12 = ന𝑈𝑠1

−1 ന𝑈𝑠2, ന𝑈13 = ന𝑈𝑠1
−1 ന𝑈𝑠3, ന𝑈14 = ന𝑈𝑠1

−1 ന𝑈𝑠4

and apply EVD on നΩ =
ന𝑈12+ന𝑈13+ന𝑈14

3
= ധ𝑇−1 നΛ ന𝑇.

• Compute

നΨ𝑥 = ന𝑇 ന𝑈12ന𝑇
−1, നΨ𝑧= ന𝑇 ന𝑈13ന𝑇

−1 †

• Estimate DOA and CF as

𝜃𝑚 = tan−1
∠ നΨ𝑧,𝑚

∠ നΨ𝑥,𝑚

, 𝑓𝑚 =
𝑐

2𝜋𝑑
∠ നΨ𝑥,𝑚

2
+ ∠ നΨ𝑧,𝑚

2

where നΨ𝑥,𝑚 and നΨ𝑧,𝑚 is the mth diagonal entry of നΨ𝑥 and നΨ𝑧, respectively.



• Consider two orthogonal CPAs(5,6) along x and z axes, respectively.

Sensor Arrays

Fig. 3. Configuration, second-order and fourth-order virtual arrays of CPAFig. 2. Two orthogonal CPAs 

along x and z axes



• Consider source signals are mixed of CF-known and CF-unknown.

• Received data: ന𝑋, Ӗ𝑍 ∈ ℂ𝑁×𝐿𝑄, where 𝑁 is the number of sensors, 𝑄 is the 
number of observed time frames and 𝐿 is the length of each time frame.

• Each column of ന𝑋, Ӗ𝑍 is composed of received signals from CPA in 𝑥 and 𝑧
axes, respectively.

ҧ𝑥 ℓ = ധ𝑋 : , ℓ = Ӗ𝐴𝑥 ⋅ ҧ𝑠 ℓ + ത𝑛𝑥[ℓ], 

ҧ𝑧 ℓ = Ӗ𝑍 : , ℓ = Ӗ𝐴𝑧 ⋅ ҧ𝑠[ℓ] + ത𝑛𝑧 ℓ .

Signal Model



• Construct covariance matrix as 

ധ𝑅𝑥
𝑞
= Σℓ=1

L ҧ𝑥𝑞 ℓ ҧ𝑥𝑞† ℓ , ധ𝑅𝑧
𝑞
= Σℓ=1

L ҧ𝑧𝑞 ℓ ҧ𝑧𝑞† ℓ

where ҧ𝑥𝑞 ℓ = ҧ𝑥 𝑞 − 1 𝐿 + ℓ and ҧ𝑧𝑞 ℓ = ҧ𝑧 𝑞 − 1 𝐿 + ℓ .

• Second-order manifold signals:

• Vectorize: 

ത𝑦𝑥
′ 𝑞 = 𝑉𝑒𝑐 ധ𝑅𝑥

𝑞
, ത𝑦𝑧

′ 𝑞 = 𝑉𝑒𝑐 ധ𝑅𝑧
𝑞

with entries corresponding to the same lags are averaged.

• Subtract Bias: 

ത𝑦𝑥 𝑞 = ത𝑦𝑥
′ 𝑞 − Σ𝑞=1

𝑄
ത𝑦𝑥
′ 𝑞 , ത𝑦𝑧 𝑞 = ത𝑦𝑧

′ 𝑞 − Σ𝑞=1
𝑄

ത𝑦𝑧
′ 𝑞

Second-order manifold signals



• Construct fourth-order manifold signals as

ധ𝑅𝑥𝑥 =
1

𝑄
Σ𝑞=1
𝑄 ത𝑦𝑥 𝑞 ത𝑦𝑥

† 𝑞 , ത𝑦𝑥𝑥 = 𝑉𝑒𝑐 ധ𝑅𝑥𝑥

ധ𝑅𝑧𝑧 =
1

𝑄
Σ𝑞=1
𝑄

ത𝑦𝑧 𝑞 ത𝑦𝑧
† 𝑞 , ത𝑦𝑧𝑧 = 𝑉𝑒𝑐 ധ𝑅𝑧𝑧

• MUSIC or ESPRIT cannot be directly applied to.

• Spatial-Smoothing MUSIC (SSM) is applied.

Fourth-order manifold signals



• Before applying SSM to solve for the DOA, a dimension-reduced 
method is used to 

• The number of overlapped lags in the second-order covariance 
matrix is small, but that of the fourth-order covariance matrix is large.

• The overlapped lags of each entry in ധ𝑅𝑥𝑥 and ധ𝑅𝑧𝑧 is recorded in a 
dictionary (Φ).

• By taking the average of entries with the same lag and removing 
them, dimension-reduced fourth-order manifold signals are formed 
as ത𝑦𝑥𝑥

Φ and ത𝑦𝑧𝑧
Φ.

Dimension-reduced method



• SSM requires the received signal vector be derived from consecutive lags, which 
is extracted from ത𝑦𝑥𝑥

Φ and ത𝑦𝑧𝑧
Φ and SSM matrices are constructed as

ധ𝑅𝑥𝑥
′ =

ത𝑦𝑥𝑥
Φ [1]

ത𝑦𝑥𝑥
Φ [2]
⋮

ത𝑦𝑥𝑥
Φ [𝑁𝑓 + 1]

ത𝑦𝑥𝑥
Φ [2]

ത𝑦𝑥𝑥
Φ [3]
⋮

ത𝑦𝑥𝑥
Φ [𝑁𝑓 + 2]

⋯

ത𝑦𝑥𝑥
Φ [𝑁𝑓 + 1]

ത𝑦𝑥𝑥
Φ [𝑁𝑓 + 2]

⋮
ത𝑦𝑥𝑥
Φ [2𝑁𝑓 + 1]

ധ𝑅𝑧𝑧
′ =

ത𝑦𝑧𝑧
Φ[1]

ത𝑦𝑧𝑧
Φ[2]
⋮

ത𝑦𝑧𝑧
Φ[𝑁𝑓 + 1]

ത𝑦𝑧𝑧
Φ[2]

ത𝑦𝑧𝑧
Φ[3]
⋮

ത𝑦𝑧𝑧
Φ[𝑁𝑓 + 2]

⋯

ത𝑦𝑧𝑧
Φ[𝑁𝑓 + 1]

ത𝑦𝑧𝑧
Φ[𝑁𝑓 + 2]

⋮
ത𝑦𝑧𝑧
Φ[2𝑁𝑓 + 1]

Where 𝑁𝑓 = 3𝑁1𝑁2 + 𝑁1 − 𝑁2 − 1 is the number of positive lags.

• The MUSIC is then applied to the SSM matrix to estimate DOA of CF-known 
sources with a simple pairing method.

First-Step: DOA of CF-known Sources
Spatial-Smoothing MUSIC [4]



• With estimated DOA of CF-known sources, we can remove them by 
orthogonal complement projectors constructed as

നΠ𝑥 = Ӗ𝐼 − ധ𝐵𝑥 ⋅ ( ധ𝐵𝑥
†⋅ ധ𝐵𝑥)

−1 ⋅ ധ𝐵𝑥
†,

നΠ𝑧 = Ӗ𝐼 − ധ𝐵𝑧 ⋅ ( ധ𝐵𝑧
†⋅ ധ𝐵𝑧)

−1 ⋅ ധ𝐵𝑧
†.

• Projected second-order manifold signals

ത𝑦𝑥
′′ 𝑞 = നΠ𝑥 ⋅ ത𝑦𝑥 𝑞 ,

ത𝑦𝑧
′′ 𝑞 = നΠ𝑧 ⋅ ത𝑦𝑧 𝑞 .

• Then, joint-ESPRIT can be directly applied.

Second-Step: Joint DOA and CF Estimation
Projected Joint-ESPRIT (PJE)



Fig. 4. Source Signals

Simulation Setting

• The length of each time frame is randomly pick from 𝑈𝑛𝑖𝑓[300,700].

• Half of the DOAs are at uniform spacing between −20°, −70° and 20°, 70° , 
respectively.

• In each scenario, 200 Monte Carlo realizations are simulated.



RMSE versus 𝑀𝑢

• Proposed two-stage algorithm works 
reasonably well if 𝑀𝑢 ≤ 11

• RMSEs increase dramatically when 𝑀𝑢
≥ 13, indicating that the maximum 
number of CF-unknown sources is 
about 13 in this case.

Fig. 5: RMSE of DOA and CF estimation with proposed PJE 

algorithm, under different number of signals with unknown 

CF, SNR = 10 dB, Q = 300, M = 30. ———:RMSE of DOA, 

− − −: RMSE of CF.



SSM Spectrum

Fig. 6: Normalized SS-MUSIC spectrum (left) 𝑀𝑢 = 13 and (right) 𝑀𝑢 = 14, SNR = 10 dB, Q = 300,M = 30. 

Gray lines: actual DOAs of CF-known, Red lines: actual DOAs of CF-unknown, Blue dashed lines: Estimated 

DOAs based on x-axis, Green dashed lines: Estimated DOAs based on z-axis, ×: pairing DOAs.

• All the CF-known sources are correctly estimated in both cases →The 
problems arise from CF-unknown sources estimation.



• This observation confirms that the maximum number of detectable 
CF-unknown sources is 13 in this case.

Estimation of PJE

Fig. 7: Joint estimation of DOA and CF with proposed PJE algorithm, (left) 𝑀𝑢 = 13 and (right) 𝑀𝑢 = 14, 

SNR = 10 dB, Q = 300, M = 30.•: CF-known sources, •:CF-unknown sources, ×: estimated sources.



• Proposed PJE algorithm can detect all the sources accurately.

• The error of CF-known sources is higher than that of CF-unknown sources in 
the JE. One possible reason is that joint diagonalization in the conventional JE 
algorithm probably decreases phase resolution, which is more required in CF-
known sources since the delay difference is quite small.

Estimation of PJE vs JE

Fig. 8: Joint estimation of DOA and CF, SNR = 10 dB, Q = 300, M = 30, 𝑀𝑢 = 10. (left) Proposed PJE algorithm 

(right) conventional JE algorithm.•: CF-known sources, •:CF-unknown sources, ×: estimated sources.



RMSE versus SNR

• well below 1 % at SNR > 0 dB if Mu = 10

• below 1 % at SNR > 5 dB if Mu = 13

Fig. 9: RMSE of DOA and CF estimation versus SNR, 

with proposed PJE algorithm, Mu = 10, Q = 300, M =30. 

———: RMSE of DOA with Mu = 10, 

− − −: RMSE of CF with Mu = 10, 

−·−: RMSE of DOA with Mu = 13, 

· · · : RMSE of CF with Mu = 13.



Conclusion

• A two-step method is proposed to estimate the DOA of multiple targets 
from the received signals originated from a mix of CF-known and CF-
unknown sources.

• In the first step, SSM method with a simple pairing is applied to estimate 
DOAs of CF-known sources.

• In the second step, orthogonal complement projectors are used to remove 
CF-known sources and then joint-ESPRIT is applied to jointly estimate 
DOA and CF of CF-unknown sources.

• Simulation results demonstrate our proposed method can detect all 30 
sources with 13 𝑀𝑢 and outperforms conventional JE.


